We consider an exogenous and reversible shock to a groundwater resource, namely a decrease in the recharge rate of the aquifer. We compare optimal extraction paths and the social costs of optimal adaptation in two cases: under certainty, i.e. when the date of occurrence of the shock is known, and under uncertainty, when the date of occurrence of the shock is a random variable. We show that an increase in uncertainty leads to a decrease in precautionary behavior in the short run and to an increase in precautionary behavior in the long run. We apply our model to the particular case of the Western la Mancha aquifer in Spain. We show that, in this context, it is advantageous for the water agency to acquire information on the date of the shock, especially for high-intensity and intermediate-risk events.
Introduction
Periods of low precipitation may lead to insucient lling of groundwater resources and pose challenges for existing management rules (see Amigues (2006) [1] , Zilberman and al. (2003) [20] ). This problem may become even more acute in the context of global warming. Moreover, the evolution of the natural system may be subject to abrupt changes that can be qualied as "regime shifts". Adaptation to such shifts hinges crucially on the available information about the nature of the change, such as its date and its intensity. In this paper, we address the problem of regime shifts in the context of groundwater management and identify the circumstances in which information on the date and intensity of the shock is particularly important for a water manager.
We examine a case in which a common groundwater resource, used by several farmers for irrigation, is subject to dry periods. We use a simple groundwater model, the Gisser and Sanchez (1990) [10] model (for similar model frameworks, see for example Cummings (1971) [4] or Roseta-Palma (2003 , 2002 [14] , [13] ), in which we introduce a sudden change in the dynamics of the resource. Such a shock may occur due to a decrease in mean precipitation that leads to a decrease in the recharge of the aquifer, or it may correspond to the abstraction of a certain amount of water that is dedicated to other uses in the case of a drought, such as lling drinking water reservoirs. 1 The aquifer is managed by a social planner, the water agency, who wishes to adapt as well as possible to these shocks. We characterize both the hydrological and the economic consequences of the shock by comparing short and long-run levels of resource stocks and social welfare.
In particular, we are interested in discussing the eect of information knowledge on the optimal management of the water resource. To this end, we introduce two types of shocks in our model: a deterministic shock at a given date and a random shock that may occur with a certain probability. This allows us to discuss the impact of uncertainty on precautionary behavior and management eciency.
First, when the date of the shock is known, intuitively, one might think that the water agency would prepare for the event by applying a more careful extraction strategy. However, our results contradict our intuition and more water is extracted in the short term. Such a result can already be found in the literature (see Di Maria et al. (2012) [7] ), in the context of polluting resources, where the phenomenon is known as the "announcement eect" or the "abundance eect". However, using a numerical example, we show that nonmonotonic extraction behavior is possible in the short term, when the value of the shock is important and when it takes place later in time. Second, when the date of the shock is a random variable, some hints about possible solutions can be derived from the literature on catastrophic events, in the context of groundwater resource management (see Tsur and Zemel (2012 , 2004 , 1995 [18] , [17] , [15] ) and pollution control (see Brozovic and Schlenker (2011) [2] , Clarke and Reed (1994) [3] , de Zeeuw and Zemel (2012) [6] , Tsur and Zemel (1996) [16] and Zemel (2012) [19] ).
In [18] , Tsur and Zemel (2012) review the literature on the variety of forms in which uncertainty enters resource management problems. They distinguish two types of uncertainty: ignorance uncertainty, due to the limited knowledge of certain parameters of the resource (for example the recharge or instantaneous benet may undergo an abrupt shift when the stock process crosses some unknown threshold) and exogenous uncertainty due to random environmental elements (for example weather variability) 2 . Depending on the type of uncertainty considered, the relationship between precautionary behavior and an increase in uncertainty can vary. Some studies show that an increase in uncertainty leads to non-monotonic changes in precautionary behavior (see Brozovic and Schlenker (2011) [2] , Clarke and Reed (1994) [3] , Zemel (2012) [19] ), while others show that an increase in uncertainty leads to a decrease in precautionary behavior (see Zemel (2004, 1995) [17] ), [15] ). Still others conclude that an increase in uncertainty leads to an increase in precautionary behavior (see de Zeeuw and Zemel (2012) [6] , Tsur and Zemel (2004) [17] ). For example, Brozovic and Schlenker (2011) in [2] and Zemel (2012) in [19] found a non-monotonic relation when several sources of uncertainty are combined. Tsur and Zemel (2004) proved that an increase in uncertainty leads to more intensive extraction in the case of irreversible exogenous events. 3 In contrast, they showed that more precautionary behavior is applied in the long run in the case of reversible exogenous events or endogenous events. Moreover, in [6] , de Zeeuw and Zemel (2012) proved that the introduction of a random jump in the damage function of a pollution control model leads to more precautionary behavior, both in the case of endogenous events and irreversible exogenous events.
In this paper, we study reversible exogenous events and analyze the relationship between the characteristics of the shock and adaptive behavior in the short run and the long run. We are especially interested in the exogenous uncertainty of the time parameter T, when T is a random variable whose realization marks the occurrence of an event. In this case, Tsur and Zemel argue that, compared with the risk free situation 4 , the optimal policy entails more aggressive exploitation in the short term and more conservative extraction after the occurrence of the event. We show that although our results correspond to the solutions found by Tsur and Zemel (2012) in [18] , our paper diers from theirs in several ways: First, Tsur and Zemel analyze catastrophic events (such as saltwater intrusion) which render further use of the resource impossible (unless restoration is undertaken). We focus on an event that does not hinder further exploitation. Second, we add to the exogenous uncertainty of the time parameter, an abrupt shift in the dynamics of the resource, and not in the objective function 5 . Third, we compare optimal adaptation behavior for dierent uncertainty scenarios, and do not only compare the risk-free and the uncertainty situation. Finally, we illustrate the economic implications of the shock with a numerical example. We apply our model to the Western la Mancha aquifer in the South of Spain. In this area, the state of groundwater resources has signicant implications for the future provi-sion of important ecosystem services (see Esteban and Albiac (2011) [8] and Esteban and Dinar (2012) [9] for details). The average annual groundwater recharge in this aquifer is 360 million cubic meters. In recent decades, the aquifer has been subject to numerous droughts. Since 1999, the recharge rate has decreased by approximately 100 millions cubic meters, leading to an estimated decrease of 3000 million cubic meters over the past three decades (see López-Gunn [12] ). In the numerical simulations, we analyze the impact of such shocks, considering variations in the recharge rates of the same magnitude as past variations (and not possible future variations caused by climate change). We thus analyze a lower benchmark problem. Even though we assume that the water agency does its best to adapt to these shocks, we show that the costs to society are high, and may reach several million Euros. In addition, we wish to know whether or not the water agency should try to forecast the date of the shock. We show that it is always advantageous for the water agency to acquire additional information about the date of the shock. Moreover, this information is more useful when the shock is more intense and when it takes place in the medium run. Finally, we conrm that it is always better for the water agency to be prepared to adapt, with or without knowledge of the date of the shock, than not to prepare for the shock at all. This paper is organized as follows. In section 2, we briey describe the underlying Gisser and Sanchez model. We then introduce an exogenous shock in the recharge rate and derive some theoretical results on optimal adaptation strategies to face this shock. In section 3, we provide a numerical illustration in which we analyze optimal adaptation behavior and the impact of the shock on social welfare in the short run and in the long run. Finally, in section 4, we conclude and make some suggestions for future research.
The model
We base our analysis on the groundwater extraction model by Gisser and Sanchez, (see [10] ), where G(t) and g(t) are respectively the stock (in volume) 6 and water pumping rate of the aquifer as a function of time 7 . We assume that
is a linear function that represents the demand for irrigation water, where p is the price of water, and a, b are coecients of the demand function, with a, b > 0.
We consider a linear cost function for extractions costs:
6 G corresponds to the volume of water, and is calculated by multiplying H, the height of the aquifer, by A*S, where A is the area of the aquifer and S is the storativity coecient. 7 We omit the time indicator in all the following equations, whenever this is possible without causing misunderstandings, in order to make the equations easier to read.
where z, c are coecients of the linear cost function (z > 0, c > 0): z includes xed costs and maximimum pumping cost and c represents marginal pumping cost. 8 The dynamics of the aquifer,Ġ
depend on hydrological characteristics of the aquifer, where r is the recharge rate and α is the return ow coecient, with α ∈ [0, 1). The farmers' total income, using the agricultural surface characterized by the demand function of water, equation (1)), is then:
The problem for the social planner is to maximize social welfare, that is the present value of farmers' private income, with ρ, the discount rate, taking into account the dynamics of the aquifer (see equation (3)), and subject to the initial conditions and positivity constraints:
The full resolution of the problem is given in Appendix (A.1).
In the following sections, we introduce an exogenous shock in our initial model, i.e. a decrease in the recharge rate of the aquifer at the date t a . First, we solve the deterministic case where the date of the shock t a is known, and second, we solve the stochastic case where t a , is a random variable that follows an exponential distribution.
2.1

The deterministic case
We assume that there is a decrease in the recharge rate from r 1 to r 2 at a known date t a . We are interested in the optimal path of extraction in the event this "dry period" occurs. The problem of the social planner is now :
where
G(0) = G 0 , t a given,
Indeed, the main problem is to model the fact that the availability of water for irrigation decreases from t a on. This can happen when there is an estimated decrease in mean precipitation or because of exceptional extraction of water for other uses from t a on. In theory, these ideas are equivalent and we can describe them both as a decrease in the recharge rate 9 . Now, we turn to the resolution of the problem. We can solve it in two steps. First, we nd φ(ta, G ta ), the scrap value function that represents the maximization between t a and ∞, that is the solution of the problem:
G(t a ) = G ta unknown. Subsequently, the second step of the problem is to nd g that maximizes,
G(0) = G 0 known. The full resolution of this modied extraction problem is given in the Appendix (A.2). Now, we present some theoretical results proved by studying analytical solutions of the previous problems.
Let g * r (t) (and G * r (t)) be optimal extractions and the stock for the deterministic shock when there is a decrease in the recharge rate from r 1 to r at t a , with r 1 ≥ r ≥ 0 10 ; Proposition 2.1 G * r (∞) and g * r (∞) are increasing monotonic functions of r.
Proof :
As we can see in appendices A.2, the steady state of the stock and extractions of the deterministic problem are given respectively by equations (33) and (31), when r = r 2 . We observe that the derivatives of G * r (∞) and g * r (∞) with respect to r are positive.
According to proposition 2.1, the higher the value of the determinitic shock (i.e. the smaller the value of r), the lower the steady state of the stock and the lower the extractions in the modied problem. Indeed, when a shock occurs (i.e. r = r 2 < r 1 ) the optimal level of the resource drops in the long run and the resource is less intensively exploited.
is an increasing monotonic function of r. Proof We seek to prove that δG * r (∞) δta = 0 and δg * r (∞) δta = 0. Clearly, this follows from equations (33) and (31). Propositions 2.2, 2.3, 2.4 state that the higher the value of the shock (i.e. the smaller the value of r), the lower the level of the resource at t a and the higher the extractions in t = 0 and t = t a . However, proposition 2.5 shows that in the long run (the steady state), optimal stock and extraction behavior do not depend on the date of occurrence of the shock (t a ).
2.2
The stochastic case Now, the date of occurrence of the shock (t a ) is a random variable 11 .
The problem of the social planner is now to maximize the expected value of the social welfare, that is the expected value of farmers' total income,
with the prot function F(G,g), as in the previous problem,
Following the procedure used in Dasgupta and Heal (see [5] ), let φ(G(t)) be the scrap value function,
corresponding to the maximisation of total social welfare, taking into account the following dynamics of the aquifer:Ġ
The maximisation function (9) is equal to 11 In what follows, we denote ta = T for the sake of simplicity.
so:
Solving by parts the rst integral in the previous function (12), we nd that:
The maximisation function (12) and hence problem (9) can be written as:
Next, we seek to estimate the distribution of the random shock. We choose an exponential distribution to estimate the date of occurrence of the shock because it corresponds to a case of constant hazard (i.e. the conditional density for immediate occurrence is constant).
T now follows an exponential distribution, where f T (t), is the density function:
and then, h(t), the conditional density for immediate occurrence,
The problem of the social planner becomes 12 :
The full resolution of this modied extraction problem is given in Appendix A.3.
Let G * r S (t), (and g * r S (t)) be optimal solutions of stock and extractions for the stochastic problem when there is a decrease on the recharge rate from r 1 to r at t a , with r 1 ≥ r ≥ 0; Proofs are available in appendices A.4.4 and A.4.5 respectively. Propositions 2.6 and 2.7 state that the higher the value of the shock (i.e. the smaller the value of r) and, respectively, the smaller the value of θ, the lower the level of the resource in the long run, while the water pumping rate stays constant.
Deterministic vs. stochastic case
One of the objectives of this paper is to compare optimal adaptation behavior when there is an increase in uncertainty about the date the shock occurs. We have now analytical solutions for the deterministic problem (in section 2.1) and the stochastic problem (in section 2.2). A comparison between situations in which the occurrence time is known or stochastic is meaningful only if the known time (t a ) equals the expected value of the uncertain time (T), that is,
Solving by parts the integral in equation (18), we obtain,
Now, we present some theoretical results proved by studying the analytical solutions of the previous problems.
We assume there is a decrease on the recharge rate from r 1 to r 2 at t a . Then,
• G * r 2 (t), (and g * r 2 (t)) are optimal solutions of stock and extractions for the deterministic problem, when r = r 2 ;
• G * r S 2 (t), (and g * r S 2 (t)) are optimal solutions of stock and extractions for the stochastic problem when r = r 2 ;
Proof As we show in equation (33),
From equation (55), we know that,
Then, substituing the values of τ and υ (equations (38), (39)), we prove that,
with η > 0 (see equation (40)). By assumption, (r 2 −r 1 ) < 0, and all the parameters of the problem are positive. Thus, E1, E2>0, and, G *
It remains to be demonstrated that g *
Proposition 2.8 proves that in the long run, the resource drops to a lower level (and respectively, extractions are more conservative), in the case of certainty about the date of the shock than in the case of uncertainty. In the stochastic problem, long-run resource stocks and long-run extractions do depend on the initial recharge rate r 1 , which is greater than recharge rate after the shock, r 2 . In consequence, steady-state stocks and extractions are greater than in the deterministic case.
Numerical application
In this section, we apply our problem to the Western la Mancha aquifer. We use real parameter values from several sources (e.g. Esteban and Albiac (2011) [8] , Esteban and Dinar (2012) [9] ). Note that we analyze the problem in terms of the stock level of the aquifer (in volume), i.e, by multiplying the current water table, the area of the aquifer, A, and the storativity coecient, S. The parameter values used are listed in Table 1 13 . The Western la Mancha aquifer is located in the South of Spain. The development of intensive irrigated agriculture in recent decades has led to an increase in groundwater extraction in the area and, as a consequence, a decrease in the water table. It is estimated that 3000 million cubic meters have been abstracted from the aquifer over the past three decades (e.g. López-Gunn [12] ). This problem has caused signicant damage to aquatic ecosystems and also aects human uses downstream. Moreover, the Western la Mancha aquifer has also suered from inecient management regimes, (for details see [8] ). During a dry period, it is clear that this problem may become more acute.
3.1
Optimal solutions for the deterministic case
We rst give a numerical example of the deterministic case. Figure 1 depicts optimal solutions of stock G * (t) (on the left) and water pumping rate g * (t) (on the right), for the original problem described in section 2 (in green) and for dierent values of a deterministic shock occurring in the 20 th year of resource use, (i.e. t a = 20). More specically, we simulate a decrease in the recharge from an initial level of r 1 = 360 to a level of r 2 = 330 (in red), 300 (in blue) and 290 (in black) million cubic meters per year (Mm 3 /yr). 14 In the deterministic case, long-run resource stocks, G * (∞), are equal to 78397 Mm 3 and long-run extractions, g * (∞), are equal to 450 Mm 3 /yr. 15 We note that, with a de- Next, we study the impact of the occurrence date of the shock (t a ) on optimal behavior. Figure 2 depicts optimal solutions of stock G * (t) (on the left) and water pumping rate g * (t) (on the right) for the original problem described in section 2 (in green) and for the problem with a shock of 70 Mm 3 /yr at dierent values of t a . First, we note that the long run (steady state) stock and water pumping rate are constant. Hence, the date of occurrence of the shock has no impact on the steady state values of G * (t) and g * (t). This is proved theorically in proposition 2.5. However, in the short run, the value of g * (t) (in t=0 and t=t a ) decreases with an increase in t a . For example, g * (0) decreases by about 43 Mm 3 /yr when t a increases from t a = 5 to t a = 20. In the same way, g * (t a ) decreases by about 146 Mm 3 /yr when t a increases from t a = 5 to t a = 20. Then, we calculate total extractions before t a and we obtain that they increase by about 8 398 Mm 3 /yr, when t a increases from t a = 5 to t a = 20, and as a consequence, we can see that the resource reaches a lower level at t a the later the shock occurs. In sum, we can say that the date of occurrence of the shock has an impact on the short run values of G * (t) and g * (t).
In gures 1 and 2, we also observe a surprising behavior concerning the optimal water pumping rate. Optimal extractions are non-monotonic in the short run: there is rst a decrease in extraction and then an increase just before the shock occurs. This behavior is more pronounced the greater the shock (see Figure 1 ) and the later it takes place (see Figure 2 ). In order to better understand this result, we compute the dierence between the deterministic shock and the simple problem, as depicted in gure 3, for dierent values of r 2 (left-hand side) and t a (right-hand side). First, the higher the value of the shock, the higher the amount of water pumping and the quicker the increase in extractions between t = 0 and t = t a (as illustrated on the left-hand side). This result may be explained by the fact that the water agency increases short-run extractions when the shock is more intense in order to accumulate gains and compensate for future losses. Next, the later the shock occurs, the higher the overall extraction and the slower the increase in extractions before the occurence of the shock (as illustrated on the right-hand side). The latter result can be explained by the fact that the water agency has more time to better adapt to the shock. Tables 2 and 3 , we calculate the social welfare, as dened in equation (4), corresponding to the simulations carried out in the previous gures 1 and 2. In Table 2 we show that social welfare increases in the rst period (before t a , column 1) and decreases in Figure 3 : Dierence between extractions with and without shock in t a = 20 years for dierent values of r 2 (left-hand side) and with r 2 = 290 million cubic meters per year at dierent dates (right-hand side).
Next, in
(1) the second period (after t a , column 2) with an increase in the value of the shock. Logically, the total social welfare (column 3) decreases with an increase in the value of the shock. For example, when the value of the shock increases by 70 Mm 3 /yr, total welfare decreases by about 14 million Euros. The percentage gain in the rst period (column 4) is the higher the greater the shock due to the compensation seeking behavior described above. Logically, the percentage gain in the second period (column 5) is lower the greater the shock. Next, in table 3, we show that social welfare increases the later the shock occurs. We can dstinguish two phenomena: 17 rst, the damage occurring later in time is reduced due to discounting. Second, eliminating the eect of discounting, the loss in social welfare is greater when the shock occurs in early stages than when it occurs at later stages. 18 The latter may be due to the fact that the water agency has more time to better adapt to the shock, as described in the previous paragraph. Table 3 : Social welfare (in thousands of Euros) for dierent values of r 2 and t a .
As a result, the theoretical and numerical solutions clearly show that the greater the shock, the higher both extractions and social welfare in the rst period (before the occurrence of the shock). The water agency accumulates gains to compensate for losses incurred during the second period. In the second period, the quantity of water extracted and social welfare are reduced. As a consequence, in the long run, the greater the shock the lower both extractions and social welfare. Moreover, the greater the shock, the lower the level of the long-term resource stock, because of the decrease of the recharge rate. Total social welfare decreases the higher the value of the shock, which shows that the water agency should expend more eort to adapt to the shock. The numerical solutions also suggest that the later the shock occurs, the lower the speed of adaptation for extractions but the greater the total social welfare. This means that the water agency has more time to better adapt to the shock.
3.2
Optimal solutions for the stochastic case
We now construct a numerical example for the stochastic case: t a , the date of the shock, is a random variable which follows an exponential distribution with a known parameter θ, (see section 2.2). Indeed, the hazard function is a constant function (equal to θ), which corresponds to the conditional probability of immediate occurrence (or the probability of occurrence at t given that the shock has not yet occurred).
In Figure 4 , we see the optimal solutions of stock G * (t) and extractions g * (t) for the initial problem described in section 2 (in green) and for dierent values of the stochastic shock, namely r 2 = 330 (in red), 290 (in magenta) and 150 (in black) Mm 3 /yr, when θ = 0.05. To illustrate, the probability for a shock occurring before the end of the fth year is 22 %. In the right-hand corner of the gure, a zoom shows optimal extraction between t=0 and t=2 years.
First, we observe that, as previously, the steady state of the stock is lower when the shock is greater. For example when r 2 decreases by 70 Mm 3 /yr, the stock decreases by around 237 Mm 3 . However, water pumping remains the same in the long run. This is proved theorically in proposition 2.6. Also, at t = 0, the amount of water extracted is greater, the greater the shock. This is depicted in the right-hand corner of the gure.
Second, gure 5 depicts optimal solutions for dierent values of θ, the parameter of the distribution function, for a shock of 70 Mm 3 /yr. When the conditional probability of immediate occurrence decreases, there is a decrease in the amount of water extracted. For example, when θ decreases from θ = 0.2 to θ = 0.05, g * (t) decreases by approximately 32 Mm 3 at t = 0. Indeed, θ is a measure of risk, and when this risk decreases, optimal extraction behavior is less intensive in the short run. This is depicted in the right-hand side of Figure 5 . When the conditional probability of immediate occurrence decreases, optimal extraction behavior being less intensive, resource use is more prudent, and the level of the resource increases in the long run. This is shown in the left-hand side of Figure  5 . Logically, when θ increases, the level of the resource drops in the long run. This is an illustration of proposition 2.7. Finally, we calculate the social welfare, as dened in equation (9), for dierent values of the conditional probability of immediate occurrence (θ) and values of the shock (r 2 ). Results are shown in Table 4 . When the conditional probability of occurrence (θ) is xed, social welfare decreases with an increase in the value of the shock (i.e. the higher r 2 ). For example, for a shock of 70 Mm 3 /yr and θ = 0.05, social welfare decreases by around 19 million Euros. Moreover, when the value of the shock (r 2 ) is xed, social welfare increases the lower the "risk", as measured by θ. These results are as expected. θ = 0.2 θ = 0.1 θ = 0.05 θ = 0.02 θ = 0.01 θ = 0.007 θ = 0.005 In sum, the numerical solutions show that the higher the value of the stochastic shock, the lower social welfare, although there is an increase in extractions in the short run. As in the previous section, this result is logical because the water agency has to exert a bigger eort in order to adapt to the shock. Moreover, a lower risk of occurrence (the decrease of θ) implies more careful extraction behaviour, a greater long-term resource level, and an increase in social welfare.
Deterministic case vs. stochastic case
In this section, we analyze the impact of an increase in uncertainty (concerning the occurrence date of the shock) on precautionary extraction behavior and social welfare by using numerical simulations. In Figure 6 , we compare optimal solutions of the stock G * (t) and extractions g * (t) for the initial problem described in section 2 (in green), for the deterministic shock (in blue), and for the stochastic shock (in red), when the value of the shock (r 2 = 290 Mm 3 /yr), the date of the deterministic shock (t a = 20 years), and the conditional probability of the stochastic shock (θ = 0.05) are xed. In fact, we compare the deterministic shock and the stochastic shock such that the known date t a is equal to the expected value of the unknown date, 1 θ , (see section 2.3 for details).
Focusing on Figure 6 , we note that the resource level (on the left-hand side) in the long
Gr2 gr2 gr2 gr1 s s Figure 6 : G * (t) in million cubic meters (left-hand side) and g * (t) in million cubic meters per year (right hand side) for the simple problem (in green), the deterministic shock (in blue) and the stochastic shock (in red), when r 2 = 290 million cubic meters per year. Upper right-hand corner: zoom on g * (t) between t = 0 and t = 0.4 years.
run is about 1449 Mm 3 smaller in the case of the deterministic shock than in the case of the stochastic shock, although extractions (on the right-hand side) in the long run are less intensive (by about 87 Mm 3 per year). This result illustrates proposition 2.8. In the short run, however, the inverse holds: the level of the resource is lower in the stochastic case than in the deterministic case, as depicted on the left-hand side of Figure 6 . Moreover, we note an interesting behavior on the right-hand side of the gure: the optimal path of extractions for the deterministic (in blue) and the stochastic case (in red) intersect at two points P 1 (before t a ) and P 2 (after t a ). In the rst period [0,P 1 ), extractions are more intensive for the stochastic case, (for details, see the zoom between t=0 and t=0.4 in the top right-hand corner of the gure). In contrast, in the second period [P 1 , P 2 ), extractions are more intensive for the deterministic case.
Next, we compute the dierence (D) in social welfare between the deterministic case and the stochastic case, (see table 5 ). We rst observe that D is always positive. 19 This means that the deterministic shock is less costly for society than the stochastic shock. That is, it is best to have information about the date the shock will occur. Second, we observe that the more important the value of the shock (i.e., the lower r 2 ), the more important the value of D. That is, the more advantageous is it for the water agency to acquire information about the shock. This result is logical and corresponds to results obtained when we analyzed the two problems (the deterministic and the stochastic problem) independently. Finally, we can observe a non-monotonic relation between t a and D. Indeed, the function D(t a ) rst increases and then decreases from a point between t a = 50 and t a = 100 years. Delaying the shock, or equivalently decreasing the conditional probability of immediate occurrence, rst makes it more and more useful for the water agency to acquire more information about the date of the shock but from a certain date the inverse holds and acquiring information is less and less useful. This result is due to the combined eect of an increase in the value of information over time and a decrease in distant values of information due to discounting. The latter eect becomes stronger than the former from t a = 50 on. 20 t a = 5 t a = 10 t a = 20 t a = 50 t a = 100 t a = 150 t a = 200 θ = 0.2 θ = 0.1 θ = 0.05 θ = 0.02 θ = 0.01 θ = 0.007 θ = 0.005 r 2 Table 5 : Dierence between social welfare in the deterministic case and in the stochastic case in thousands of Euros for dierent values of r 2 and (t a , θ).
For the water agency in the La Mancha basin, these results mean that it is always useful to acquire more information on the date the shock will occur. This information is most advantageous for very signicant shocks but also for shocks with an "intermediaterisk" of occurrence. If an important shock occurs with very low conditional probability of immediate occurrence, there is still enought time to adapt to the shock and it is not worthwhile to acquire exact information on the date of the shock. On the other hand, if an important shock occurs with a very high conditional probability of immediate occurrence, there is not sucient time to adapt to the shock and it is not worthwile to know the exact date of the shock. This may serve as one explanation for the non-monotonic relationship between t a and D.
Adaptation vs. non adaptation
We also computed the optimal solutions for our problem when the water agency has no information about the date the shock will occur, that is, when the water agency does not adapt to the shock. It is not necessary to provide details on the analytical resolution of this case. It suces only to say that the problem consists in considering two simple problems
GAD GNAD GNAD GAD t t Figure 7 : G * (t) in million cubic meters and g * (t) in million cubic meters per year for the problem of non-adaptation (in red) and adaptation (in blue) at t a = 20 years (left-hand side) for a shock of 70 million of cubic meters per year.
with innite horizon for the two dierent periods of the problem. Indeed, when the water agency does not have any information about the shock until it happens, optimal behavior corresponds with optimal solutions to the simple problem (appendix A.1) with r = r 1 , before the shock. Conversely, from the occurrence of the shock (t a ), optimal behavior corresponds with optimal solutions to the simple problem, but now taking the value of the shock into account (i.e r = r 2 ) 21 .
In the following, we compare the situation with non-adaptation to the situation with adaptation. That is, we compare a case in which the water agency reacts only once the shock has occurred to a case in which the water agency adapts optimally to the shock (i.e. the deterministic shock in section 2.1). In gure 7, we compare optimal solutions of the stock G * (t) and extractions g * (t) for the adaptation case (in blue) and for the nonadaptation case (in red), when the value of the shock (r 2 = 290 Mm 3 /yr) and the date of the shock (t a = 20 years) are xed. We observe (on the right-hand side) that the resource is more intensively used when the shock is anticipated (in blue) than when it is not anticipated. For example, the stock level at t a in the case of total uncertainty exceeds the stock level in case of adaptation by about 345 Mm 3 . However, in the long run, the stock level is the same for the two cases. Moreover, we observe (on the left-hand side) that extractions in the non-adaptation case are lower in the short run but higher in the long run than in the adaptation case.
Finally, we compute social welfare for the non-adaptation and adaptation cases using our above numerical example. We observe in Table 6 that losses due to non-adaptation are high in both the short and long run. For example, we see that total welfare losses from a lack of adaptation are around 47 million Euros. In particular, losses are around 4 millions of Euros in the short run and 43 million Euros in the long run.
As a result, it is useful for the water agency to account for information about the occurrence of the shock. Indeed, the water agency always does better if it anticipates the shock than if it reacts to the shock once it has already occurred: short-run, long-run and overall social welfare are lower in the case of non-adaptation than in the deterministic case. 
Conclusions and extensions
We have shown that a deterministic shock to the recharge rate leads to an increase in extraction and social welfare in the short run (before the occurrence of the shock), and to a decrease in extractions and social welfare in the long run (in the steady state). The higher the value of the shock, the smaller the steady-state resource stock, which reduces extraction possibilities in the long run. The water agency hence adapts to anticipated losses incurred in the long run by accumulating gains in the short run. This compensating short-term behavior is more important the greater the shock and the later it occurs. Overall, the more intense the shock, the lower the total social welfare, and the later the shock occurs, the greater the total social welfare.
Likewise, a stochastic shock leads to an increase in extraction and social welfare in the short run and to a decrease in extractions and social welfare in the long run. Again, in the long run, steady-state resource stocks are lower in presence of a shock than without a shock. Hence, the water agency adapts in a similar way to the deterministic and the stochastic case (when comparing the stochastic case in which the expected value of the unknown date equals the known date of the deterministic case).
However, there are some dierences between the two problems. The long-run reduction in steady state resource stocks is smaller in the stochastic case than in the deterministic case. Moreover, the short-term compensating behavior is dierent: in the stochastic case, extractions are higher in the very short run and, fall below extractions in the deterministic case (before increasing again in the medium and long run). Overall, total social welfare is greater in the deterministic case than in the corresponding stochastic case.
We conclude that an increase in uncertainty leads to more conservative extraction in the long run and to more intensive extraction in the very short run. This adaptation behavior is more pronounced the higher the conditional probability of immediate occurrence. However, an increase in uncertainty also leads to less ecient water management: social welfare is lower in the stochastic case than in the deterministic case. For the water agency in the La Mancha basin, this means that it is always better to acquire information about the date of the regime shift than to adapt to a regime shift on a stochastic date.
More specically, information acquisition is more important if future shocks are potentially important: the higher the value of the shock, the higher the gain from switching from the stochastic to the deterministic case. Furthermore, for a xed intensity of potential shocks, information acquisition is greatest for intermediate "risks": for a very low conditional probability of immediate occurrence, there is still enough time to adapt to the shock, and it is not worthwhile to acquire exact information on the date of the shock; for a very high conditional probability of immediate occurrence, there is not sucient time to appropriately adapt to the shock, and it is not worthwhile to know the precise date of the shock. Finally, we note that the water agency always does better if it anticipates the shock than if it reacts once the shock has occurred: short-run, long-run and overall social welfare are lower in the case of non-adaptation than in the deterministic or stochastic cases. Policy recommendations could thus consist in rst estimating the occurrence probabilites of the shock and evaluating a more exact occurrence period (the "date") only if the event falls in the category of "high-intensity/intermediate-risk" events.
With respect to the literature, we conrm that an exogenous reversible shock leads to the "announcement eect" (see Di Maria et al. (2012) [7] ) when the shock is deterministic. Additionally, we show that non-monotonic extraction behavior is optimal. We also conrm that an exogenous shock under uncertainty leads to more precautionary behavior in the long run and to increased extraction in the short run (see Tsur and Zemel (2012) [18] ), compared to the risk-free situation, and we extend these results by comparing uncertain and deterministic cases and considering a reversible event occurring at an uncertain date.
There are several possible extensions to our paper. We could examine the impact of several successive changes in recharge rates: for example the recharge could decrease because of a decrease in precipitation or a more intensive use of resources by other users, as discussed above, but it could then increase, for example as a result of investment in alternative resources, such as desalinization plants. We could consider a case in which the conditional probability of occurrence is dependent on some element of the dynamic system, such as the past evolution of the recharge rate. In addition, we could consider the case in which the recharge rate is stochastic, instead of the occurrence date of the shock. Finally, uncertainty about the extent of climate change may diminish over time: if new information is acquired during the time period concerned, we would need a new optimization method that accounts for rolling horizons.
A The model
A. 1 Resolution of the simple problem
The Hamiltonian of this problem is given by:
where λ is the adjoint variable. Applying the maximum principle and assuming interior solutions, we have the usual rst order conditions:
From (19), we nd the optimal extraction volume as a function of the resource stock and the shadow price:
Substituting (21) in the equations of motion of the state (3) and adjoint variable (20) , we have the following dynamic system:
with G(0) = G 0 , which allows us to nd the roots of the characteristic polynom:
From equations (21), (22) and (23), forĠ = 0 andλ = 0, we nd the steady state of the problem:
with,
Substituting (34) and (36) in problem (7), we can compute the scrap value, φ(G ta ) (see equation (7)), that is 22 :
, and (39)
We now turn to the second part of the problem, between 0 and t a , considering the optimal solution for the rst part. The Hamiltonian can be written as:
where π is the adjoint variable. We are now in a free-endpoint problem, with t a known and need an additional transversality condition (see for example Léonard and Ngo van Long [11] ):
Applying the maximum principle and assuming interior solutions, we have the usual rst order conditions (19) , (20) and the equations of motion of the state (3), with r = r 1 . We have a system of dierential equations: 22 We nd that the expression φ(ta, Gta) does not have the independent term ta. In what follows, we write the scrap value function, φ(Gta). 23 We do not detail expression of σ because it is not necessary for the resolution of the problem, but it is available from the authors upon request.
and we know that the solutions of the nite problem are now, of the shape:
and ρ 1 , ρ 2 described in equation (24). This constitutes a system of 6 equations and 6 unknowns, which we can solve to nd optimal solutions for the problem for the rst period, between 0 and t a . We nd optimal values of A i , B i (i = 1..3) 24 : 2 (e ρ 2 ta −e ρ 1 ta )−cb(1−α), ρ 1 e ρ 1 ta +ρ 1 e ρ 1 ta (ρ 2 −ρ)), C 2 1 = −(cb(1 − α) + ρ − ρ 2 )(ρ 1 e ρ 1 ta ρ((1 − α)(a − zb) − r 1 ) + c 2 b 2 (1 − α) 2 (G 0 ρ + r 1 − r 1 e ρ 1 ta ) D 2 +cb(1 − α)((G 0 ρ − r 1 )e ρ 1 ta ρ 1 − ρr 1 e ρ 1 ta ) + cb(1 − α) 2 e ρ 1 ta ρ(a − zb)) D 2 , C 2 2 = (cb(1 − α) + ρ − ρ 2 )(cb 2 (1 − α) 3 ρ) D 2 , D 2 = cb(1−α)ρ((ρ 2 −ρ)cb(1−α)e ρ 1 ta +c 2 b 2 (1−α) 2 (e ρ 2 ta −e ρ 1 ta )−cb(1−α)e ρ 1 ta ρ 1 −ρe ρ 1 ta ρ 1 +e ρ 1 ta ρ 1 ρ 2 ), and,
Finally, we combine the solutions of the two periods such that G − r 2 (t a ) = G + r 2 (t a ), and we obtain optimal solutions of stock G * r 2 (t) and extractions g * r 2 (t) for the deterministic problem.
A.3
Resolution of the stochastic problem
The Hamiltonian of the stochastic problem is:
with φ(G) described in (37) and γ the adjoint variable. Applying the maximum principle and assuming interior solutions, we have the usual rst order conditions: 
From (47), we nd the optimal extraction volume as a function of the resource stock and the shadow price: g = a − zb + cbG − γb(1 − α).
(49)
Substituting (49) in the equations of motion of the state (15) and adjoint variable (48), we have the following dynamic system:
where G(0) = G 0 , which allows us to nd the roots of the characteristic polynom:
(52) δG * r (t a ) δr = δA 1 δr e ρ 1 ta + δA 2 δr e ρ 2 ta , with,
N 3 = 4cb(1−α)ρe ρ 1 ta +2cb(1−α)ηe ρ 1 ta +2c 2 b 2 (1−α) 2 (e ρ 1 ta −e ρ 2 ta )+ρ 2 e ρ 1 ta +ρηe ρ 1 ta , (71)
and, η > 0, ρ 1 > 0, ρ2 < 0 described in equations (24) and (40).
Since we assume that all parameters of the model are positive, the expressions N 1, N 3, N 4, and N 5 in equations (69), (71), (72), and (73) respectively, are positive expressions, and N 2 in equation (70) is a negative expression. Thus, the right-hand side of equation (68) is less than 0, and δg * r (0) δr < 0.
A.4.3 Proposition 2.4: g * r (t a ) is a decreasing monotonous function of r.
Proof We seek to prove that δg * r (ta) δr < 0.
Proceeding as in appendix A.4.2, but evaluating in t = t a , we write, δg * r (t a ) δr = − 1 1 − α (ρ 1 δA 1 δr e ρ 1 ta + ρ 2 δA 2 δr )e ρ 2 ta ,
with δA i δr (i = 1, 2) described in equation (63).
Substituing values of the functions in the right-hand part of equation (74), we obtain,
with, 
and η > 0 (see equation 40).
Since we assume that all parameters of the model are positive, the expression D1 in equation (76) is a negative expression, and expressions D2 and D3 in equations (77) and (78), respectively, are positive expressions. Thus, the right-hand side of equation (75) is less than 0, and δg * r (ta) δr < 0. First, if we derive equation (55) with respect to r, we see that, and η > 0 as described in equation (40). Assuming all parameters are positive, we see that q > 0 and hence S2 > 0. It remains to be demonstrated that S1 > 0. 
